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Abstract. This paper explores efficient methods for deriving confidence
intervals in quantification, the area of machine learning concerned with
estimating class prevalence values. By focusing on computationally effi-
cient strategies, we propose a robust framework for quantifying uncer-
tainty. The key idea is to disentangle the two main phases of current ag-
gregative quantifiers (classification followed by aggregation) and apply
bootstrap only to the second phase. We investigate different methods
for constructing confidence regions, including confidence intervals, confi-
dence ellipses in the simplex, and confidence regions in the transformed
Centered Log-Ratio space. Additionally, we examine various bootstrap
strategies, including model-based, population-based, and a combined ap-
proach. Our results demonstrate the effectiveness of combining model-
based and population-based bootstrap approaches, particularly when
used with traditional confidence intervals, while also achieving signifi-
cant efficiency gains compared to a naive application of bootstrap.

Keywords: Confidence intervals - Class prevalence estimation - Quan-
tification.

1 Introduction

Many disciplines, like the social sciences [16], epidemiology [18], ecological mod-
elling [I], and sentiment analysis [12], are interested in knowing the class preva-
lence distribution of the population under study. Quantification is a key branch
of supervised machine learning that focuses on estimating the prevalence of class
labels in a population [I37]. Such methods are called “quantifiers” and, just like
with any other point estimators, their predictions are inevitably affected by er-
ror. It would therefore be desirable to accompany the outputs of a quantifier
with a measure of uncertainty, in the form of confidence regions [24].

A standard method used in statistics for deriving confidence regions is boot-
strap [6]. Bootstrap is a resampling method used to estimate the distribution of
a statistic by repeatedly sampling with replacement from the observed data. It
allows for the construction of confidence regions by calculating the statistic of
interest (in our case, the sample prevalence) across multiple resampled bags and
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determining the region that captures the desired percentage of the resampled
estimates (e.g., 95% of these).

In this report, we analyse how to apply bootstrap to quantification. In par-
ticular, we focus our attention to one class of quantifiers called aggregative quan-
tifiers (see §4.2 in [7]), which rely, in order to predict class prevalence values, on
the outputs of a surrogate classifier. This family of methods seems appealing for
our scope since the procedure follows a pipeline of two steps: the learning phase
comes down to (i) training a classifier which operates at the individual level, and
(ii) fitting an adjustment method which operates at the aggregate level; while
the inference phase can be subdivided into (i’) generating classifier predictions
for each test instance, and (ii’) applying the adjustment function to the sample
to produce prevalence estimates. Steps (i) and especially (i) are computational
heavier than steps (ii’) and (ii). Note thus that this two-step process is convenient
for deriving confidence intervals via bootstrap since it offers us the possibility to
carry out steps (i) and (i’) only once, and apply bootstrap only in steps (ii) and
(i"), thus substantially speeding up the otherwise unaffordable computational
cost.

The rest of this report is structured as follows. In Section [2] we overview past
work on confidence intervals in quantification. Section [3]is devoted to explaining
our application of bootstrap to aggregative quantifiers. Section [ reports the
experiments we have carried out while Section [5| wraps up and offers pointers
for future research.

2 Related Work

The use of bootstrap in quantification is not novel. Probably, the first published
record discussing the application of bootstrap for deriving confidence intervals
in quantification is by [16]. However, the authors only mention the application
of “standard bootstrapping procedures” without providing specific clues on how
they apply it.

[I7] proposes a generative probabilistic model for text quantification which
assumes a document’s text is generated conditional on the document label. As
the generative model the authors explore multinomial Naive Bayes and addi-
tive log-linear methods. Inference is carried out via marginal log-likelihood over
the priors. While this paper uses real-world data in the experiments, these are
restricted to binary quantification and textual data.

[4] propose a method called “Error-Adjusted Bootstrapping” which also re-
lies on bootstrap resampling. The idea is to use a (crisp) classifier to issue label
predictions for all the instances of the bootstrap samples. However, these labels
are not directly used to obtain bootstrap prevalence predictions by simply aver-
aging. Instead, the authors propose to randomly sample the predicted instance
label based on the misclassification-rates distribution P(Y'|Y') that characterizes
the classifier, which is modelled on training data. However, as noted by [24],
this method is not appropriate for constructing confidence intervals in the pres-
ence of prior probability shift (which is the focus of our work —Section . The
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reason is that the conditional distribution P(Y|Y) is not stationary under such
conditions. Also [4] limits the experimental section to binary quantification.

[24] carries out a simulation study in which several quantifiers are tested in
their ability to derive confidence intervals and prediction intervals. This paper
also clarifies that there is a distinction between confidence intervals and predic-
tion intervals [19] which is often neglected in the literature. Be it as it may, the
author himself raises questions on the necessity of pushing forth this distinction
in practical applications of quantification. However, this study is limited to bi-
nary quantification only, and to the idealizations typical of simulated conditions
that may obscure real-world complexities of the data.

Other works exist which tries to derive confidence intervals analytically. One
example is by [9], which propose the “ratio estimator” method for quantification.
The authors derive confidence intervals by analysing the asymptotic properties
of the method, thus avoiding iterative resampling procedures. As a downside, the
method is specific for the ratio estimator quantifier. In contrast, the method we
propose is generic and applicable to any of the “aggregative” methods described
in the quantification literature (by far, the largest class of methods in the field).

[5] shows that the Probabilistic Classify and Count method (PCC), a method
that predicts prevalence values by averaging across the posterior probabilities
on each data point that a probabilistic classifier generates [2], can be endowed
with confidence intervals. The idea resides in treating this point estimate as the
mean of a Poisson binomial distribution of the posterior probabilities, for which
confidence intervals can be computed easily. However, PCC is known to be a
weak quantifier under prior probability shift conditions [I4].

Recently, a (tractable) Bayesian approach for deriving confidence intervals
around prevalence point estimators based on black-box classifiers is presented
in [25]. While this method caters for multiclass problems, it also suffers from a
high computationally cost since the method relies on Hamiltonian Markov Chain
Monte Carlo sampling.

3 Method

In this section, we turn to describe a methodology for applying bootstrap to
aggregative quantification methods. First, we set down the notation we use.

3.1 Notation

Let ¢ : N¥ — A"~! be a function (a quantifier) that maps bags of elements
from the input space X into class label distributions, i.e., into elements of the
probability simplex A"t = {(m,...,m,) | m > 0,2, 7 = 1} where n is the
number of classes and 7; represents the proportion of elements from the bag that
belong to class i, with ) = {1,...,n} the classes of interest.

Given an unlabelled test set U with (unknown) prevalence w* € A"~1, we are
interested in training a quantifier ¢ such that ¢(U) = 7 is a good approximation
of 7v* in terms of any given divergence metric.
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To this aim, we assume to have access to a labelled training set L = {(x;,3;)}._;
of [ labelled datapoints x; € X, y; € Y. We also consider a learner device
¥ (X x V) — Q that takes as input a training set and generates (i.e., learns)
a quantifier function ¢ € Q from a class of quantification functions Q.

We assume to be in the presence of prior probability shift (PPS), a type of
dataset shift in which the training distribution P and the test distribution ) are
different, but in which the following assumptions are made:

PY) #Q(Y)
PX]Y) = QX]Y)

where Y is the random variable taking values on the output space ) and X is
the random variable taking values in the input space X'.

3.2 Bootstrap

This work aims to provide not only a point estimate but also a confidence region
around it. Bootstrap is a standard and versatile method for constructing confi-
dence regions by resampling data [6]. The idea is to uniformly draw a series of
samples Uy, ..., U,, from U, with replacement and with |U;| = |U|, and to use ¢
to generate the corresponding predictions 71 = q(Uy), ..., «m = q(Uy,), which
are then used to define the confidence region around the final point estimate
which is finally computed as &« = % Yot 7. This way of deriving confidence
intervals based on resampling the test set is called the population-based approach.

A different way for deriving confidence regions is the so-called model-based
approach, in which the resampling is instead applied to the training set L. This
way, a series of training samples L1, ..., Ly, is generated from L, with replace-
ment and with |L;| = |L|. The series of point estimates are then computed as
71 = q(U),...,ftm = qm (U), where ¢; = ¥(L;). The final estimate is com-
puted in the usual way: r = # Z:’:l 7r;, and the series of estimates 71, ..., 7/
is used to derive confidence regions around 7.

Yet a third method for deriving confidence regions comes down to combining
the population-based approach with the model-based approach. In this way, we
generate a grid of m x m' point estimates G' = [g;;] = ¢;(U;) where q; = ¥(L;).
The point estimate is thus computed as & = —1- 3", Z;":/l gij» and all the
estimates in G concur in deriving a confidence region around 7.

Bootstrap is Quantification Experiments Due to repeated resampling,
bootstrap methods incur a considerable computational cost, specially when a
model-based approach is adopted. A typical value for m or m’ is 500 repetitions.
Generating 500 predictions for a test set is already costly (population-based
approach), but the problem is even more exacerbated if the number of train-
ings rounds increases to 500 (model-based approach). When a combination of
population-based and model-based approaches are adopted, the prohibitive num-
ber of combinations 500 x 500 is often reduced to 100 x 100. Still, the cost seems
unaffordable from a computational point of view.
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The latter is especially true in a discipline like quantification, in which the
evaluation of a model often consists of confronting the quantifier against many
test samples. The reason is that one test set counts as only one test instance for
a quantifier; this is in contrast to other disciplines like classification, or regres-
sion, in which one test set represents a number of test instances that equals the
cardinality of the set.

Quantification papers do often resort to sampling protocols to generate, out
of a test sample, many samples each characterized by (possibly radically) differ-
ent prevalence values. The number of test samples thus generated is often high
in order to allow for statistically significant results. Typical values encountered
in the quantification literature easily reach 100 samples [20], 1000 samples [21],
or even more [8J22]. The aforementioned “resampling” cost that bootstrap incurs
(500, or 100 x 100 repetitions, depending on the case) must therefore be under-
taken for each test sample extracted from a dataset and for each dataset under
consideration (modern papers involve dozens of datasets [22123]21]). With this
landscape, the adoption of bootstrap in quantification clearly seems impractical.

Bootstrapping Aggregative Quantifiers In this study, we propose a variant
of bootstrap applied on a specific class of quantification methods called aggrega-
tive (see §4.2 in [7]). These methods are such that the training procedure can be
disentangled as follows:

1. Learn a crisp (resp. soft) classifier h € H, i.e., a functional h : X — Y (resp.
h:X — A""1) using a learner device C : (X x Y)! — H and a training set L;
then use h to generate classifier predictions for each element in the training
set via cross-validation, thus obtaining L = {(h(x;), ;) : (zi,5:) € L}.

2. Learn an adjustment function A : (Y x Y)! — A" (resp. A : (A" x
V)t — A"71) using the classifier’s outputs L. The adjustment function is
responsible for generating, out of the classifier predictions, the final class
prevalence estimates.

Similarly, the inference procedure can be decomposed as:

1. Use h to generate classifier predictions for all instances in the test set U =
{h(iﬂz) 1 x; € U} _
2. Return the prevalence values generated via A(U).

Note that the first step of the training phase, and the first step of the inference
phase, are often much more expensive, from a computational point of view, than
the corresponding steps number 2. We take advantage of this characteristic and
propose to apply:

— Model-based bootstrap:
e During training, carry out step 1 once and for all, and apply resampling
only during step 2, i.e., generating many samples to il, e L, out of
L, thus obtaining a series of adjustment functions A1, ..., A..



Confidence Intervals in Aggregative Quantification 17

e During inference, generate U (step 1) and generate a series of point esti-

mates A1 (U),..., Ap (U) applying step 2 on every adjustment function.
— Population-based bootstrap:

e During training, run steps 1 and 2 of the training procedure the usual
way.

e During inference, generate all classifier predictions (step 1) only once,
and then apply resampling over U for step 2, thus generating a series of
bags Uy, ..., U, with which a series of point estimates A(U3), ..., A(Uy,)
is computed.

— Combined model-based and population-based approach: a trivial combina-
tion of the above methods.

e During training, carry out step 1 once and for all, and apply resampling
only during step 2, i.e., generating many samples to il, e L, out of
L, thus obtaining a series of adjustment functions Ay, ..., A,

e During inference, generate all classifier predictions (step 1) only once,
and then apply resampling over U for step 2, thus generating a series
of bags Ui,...,Upn. Generate a grid of point estimates pairing every A;
(1 <i<m') adjustment function with every Uj (1 <j<m) bag.

3.3 Methods for Constructing Confidence Regions

In Section [3.2] we have discussed three bootstrap-based techniques for obtaining
a series of point estimates. Regardless of the method used to generate the series,
we will henceforth denote these series as 71, ..., 7,,, where m represents the
total number of estimates, assuming an abuse of notation for simplicity. In this
section, we turn to discuss methods for constructing confidence regions based on
these estimates. All confidence regions are constructed around the final estimate
T = i Z?; 7r; with a certain confidence value a. We will denote CR,, a generic
confidence region constructed around the mean estimate at confidence level a.

Confidence Intervals Perhaps the simplest way to derive confidence regions
are the confidence intervals (CI) generated via bootstrap quantiles.

This method is simple and non-parametric. The idea is to consider each class
prevalence as an independent random variable of unknown distribution, and
derive their confidence intervals using the empirical distribution generated via
bootstrap.

We will therefore consider the (independent) random variable P; which takes
on values [#1];, ..., [fm]i, where [-]; is the operator that returns the prevalence
of the ith class in the input vector.

For each such random variable we arrange the bootstrap estimates in ascend-
ing order to obtain their empirical distribution, and identify the lower (L;) and
upper (U;) bounds at confidence (1 — a)% (e.g., at 95%) as the (%) percentile
(e.g., 2.5%) and the (100 — §) percentile (e.g., 97.5%) of the sorted distribu-
tion. For instance, given a dataset with a prevalence estimate of 0.65 and a
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bootstrap-derived distribution of prevalence values ranging from 0.55 to 0.75,
the 95% confidence interval would be [0.56, 0.74].

Given the bounds L;, U; (1 <4 < n) for all classes, we can determine whether
a prevalence vector w = {my,...,m,} lies within the confidence region by com-
puting:

1: ngmgUl,Vz,lgzgn
Cla(m) = {O : otherwise (1)
Despite its simplicity, this method presents some drawbacks. First, it as-
sumes the random variables are independent; however, we know the random
variables take on values drawn from a more complex structure, the probability
simplex, which imposes certain contraints. Second, the confidence region forms
a hyper-rectangle (with each dimension representing the confidence interval of
one variable) which intersects but also extends outside the probability simplex

(see Section [3.4)).

Confidence Ellipse in A™ ™! A typical procedure for deriving confidence re-
gions in multivariate spaces is to define a confidence (hyper-)ellipse (CE) around
the point estimate 7r.

A typical procedure for checking whether a prevalence vector 7 belongs to
the confidence ellipse around 7 comes down to assuming 7; ~ N (w, X)), with p
the (unknown) population mean which is estimated as @, and X' the (unknown)
population covariance matrix which is estimated with the sample covariance
matrix S, and then check whether:

L (m—z) S (m—&) <x?,_y)(1—0)
0 : otherwise

CEa(m) = { (2)
where x? is the chi-squared distribution, S~! is the inverse of the covariance
matrix S (aka the precision matrix), and « is the desired confidence level (e.g.,
a = 0.05 for 95%).

While this method guarantees that the ellipse lies on the probability simplex
(more on this in Section , it rests upon the incorrect assumption that the
prevalence estimates are normally distributed. We know all our estimates lie on
the probability simplex, which clashes with this assumption.

Confidence Ellipse in the CLR-space Confidence intervals and confidence
ellipses do not take into account the inner geometry of the probability simplex
space (i.e., all components must be positive and sum up to one). A more sophis-
ticated way to derive confidence regions comes down to mapping the prevalence
estimates onto an unconstrained Euclidean space using the Centered Log-Ratio
(CLR) transformation. We call CT this confidence region in the transformed
space. The CLR transformation T': A"~1 — R” is given by:

1 T

T(mw) = logg(ﬂ_),...,logm
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where g(7r) is the the geometric mean of .
We can define the confidence ellipse around the new center w’ = % S T(m;)
as the region containing all (CLR-transformed) points verifying:

CT () = { 1: (T(mw) - )" ()N (T(x) — o) < X?n—l)(l —a) (3)
0 : otherwise

where S’ is the sample covariance matrix of the CLR-transformed estimates

T(m1),...,T(m,), and x? is the chi-squared distribution, as before. Note that the

degrees of freedom of the distribution is still (n—1) since the original components

are constrained.

3.4 Goodness of the Confidence Region

Confidence regions are typically evaluated in terms of the coverage (C) and their
amplitude (A).

The coverage measures the fraction of experiments in which the true preva-
lence value was contained in the confidence region (the higher, the better), and
is simply computed as:

C _ ZzE:I CRO!(W;) 4
= Zimi =) ()
with F the total number of experiments, and CR,, any of the regions discussed
in Section (Equations and , independently generated for the training
set L and test set U of each experiment.

The amplitude measures the portion of the probability simplex that is in-
cluded in the confidence region (the smaller, the better), and is computed as:

a= L0 )
V(An-T1)
with V' a function measuring the volume of a space.

While computing the volume of the simplex is trivial, and comes down to
calculating V(A" 1) = ﬁ, computing the volume of a confidence region is
not that easy. For example, one might be tempted to compute V(CI,) simply
as [, (U; — L;). However, this would be misleading, since the volume we are
computing corresponds to a region that does not lie within the simplex, but in
[0,1]™ (the region intersects with the simplex, but covers also part of the space
outside the simplex).

Similarly, one might be tempted to compute

n—1 n—1

m Z];[ Ai 'Xiq(l —a) (6)

V(CE,) =
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with 7 the pi constant (not to be confused with a prevalence value), A; the ith
eigenvalue of the covariance matrix | Again, this would be incorrect. The reason
is that a confidence ellipse generated from points on a simplex may not be entirely
confined within the simplex. While the centre of the ellipse is guaranteed to lie
within the simplex, the ellipse’s edges could well extend beyond the simplex’s
boundaries; see Figure

1

Fig. 1: Ellipse in a 2-dimensional simplex. The center is contained in the simplex,
but part of the ellipse lies outside it.

Finally, note that V(CT,) would effectively account for the volume of the
ellipse in the CLR-space, but there is no simple way to transform back such
scalar to the original space.

We therefore propose a simple, yet effective method, to approximate the
amplitude, based on Monte Carlo sampling. To this end, we generate ¢t = 10, 000
random prevalence points from the probability simplex, uniformly at random,
and compute the fraction of these that belong to the region. That is:

t -
1 CR, (77,

Ay 2zt CRe(T) : °(%0) % ~ Dir(1,) (7)
with 1, an n-dimensional vector of ones, the concentration parameter of the
Dirichlet distribution. This method is generic, and is valid for CI,, CE,, and
CT,.

4 Experiments

In this section, we turn to describe the experiments we have carried out in order
to evaluate our methods for deriving confidence regions.

3 Only (n — 1) such eigenvalues are considered, since the last one is 0, given that
the ellipse lies in an (n — 1)-dimensional space, and thus has one null semiaxis
corresponding to the nth dimension.



Confidence Intervals in Aggregative Quantification 21
4.1 Datasets

The datasets we have used are taken from the publicly available UCI Ma-
chine Learning repositoryEl7 and consists of 26 binary datasets and 24 multiclass
datasets. The statistics of these datasets can be consulted online’]

For each dataset, we randomly extract 70% of the data for training our
quantifiers, and use the remaining 30% for testing them. In the few cases in
which the training set exceeds 25,000 instances, we randomly use 25,000 for
training and the rest for testing.

Each value reported in the tables is the aggregation of 100 test samples of 500
instances each, drawn at random with the artificial prevalence protocol (APP)
described in [22]. This protocol works by uniformly sampling prevalence values
from the probability simplex, and then extracting, from the test pool, bags realiz-
ing these prevalence values. The APP protocol thus generates samples at widely
varying prevalence values effectively representing cases of prior probability shift.

4.2 Evaluation metrics

In order to evaluate the quality of the quantifiers’ predictions, we adopt the Abso-
lute Error (AE) of the prevalence predictions with respect to the true prevalence
values. AE is given by:

1 n
AB(r*, ) = = Y |} — #il
n

i=1

we report the Mean Absolute Error (MAE) across all experiments.

We evaluate the quality of the confidence regions by means of the coverage (C,
see Equation, i.e., the proportion of experiments in which the true prevalence
was contained in the confidence region, and the amplitude (A, see Equation @,
a measure of the proportion of the simplex’ volume that the region includes; see
Section [3.4] for further details.

A good confidence region is one that displays high coverage and small ampli-
tude. There is, to the best of our knowledge, no standard measure for combining

both metrics into a single one. We propose a measure of goodness that we call
Log-Ratio Goodness (LRG) and that we define as:

LRG(CR,) = log <1 + Ai€> (8)

with € a small value to prevent zero division in degenerated null regions.
In all cases, we consider confidence regions at a confidence level of a = 0.05.

4 https://archive.ics.uci.edu
® https://hlt-isti.github.io/QuaPy/manuals/datasets.html#
uci-machine-learning
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4.3 Quantification methods

We choose three representative aggregative quantifiers for testing the confidence
regions (but any aggregative quantifier can be used in place):

— ACC: Adjusted Classify and Count [11] uses a crisp classifier h to com-
pute an estimate of the class priors (by classifying and counting), which
is then corrected by taking into consideration the matrix of the misclas-
sification rates of the classifier M}. The adjustment procedure (in which
model-based bootstrap is applied) thus amounts to constructing the mis-
classification rates matrix M}, while the aggregation phase (in which the
population-based bootstrap is applied) consists of correcting the estimate
by inverting the misclassification rates matrix.

— PACC: Probabilistic Adjusted Classify and Count [2] is the probabilistic
counterpart of ACC, in which the classifier h is a soft one, and in which the
counts and the misclassification rates matrix are computed on soft counts
(posterior probabilities).

— DM: Distribution Matching is a multiclass extension, as proposed by [10/3], of
the Hellinger Distance y (HDy) method proposed by [15]. In a nutshell, DM-
based approaches try to reconstruct the distribution of the test datapoints by
looking for the closest mixture of the class-conditional distributions of the
training datapoints. Distributions are modelled as independent univariate
histograms. The mixture parameter yielding the best such matching, in terms
of the HD is an estimate of the sought class prevalence values.

In all cases we use Logistic Regression as the underlying classifier. Logistic
Regression has become very popular in the quantification literature for its ability
to produce well-calibrated posterior probabilities and due to the fact that is has
shown good performance across a large variety of problems, a fundamental aspect
for obtaining good confidence regions [24].

We took the implementations of these methods made available in the QuaPy
software package [20]. Our implementations of the confidence regions and boot-
strap methods as well as all the required scripts to reproduce our experiments
can be accessed via GitHubE The method has been integrated into QuaPy and
will be made available in the upcoming v0.2.0; a pre-release is available at the
devel branch [

4.4 Results

In this section we report on the results we have obtained. In the tables to come
we use the following conventions. Each table reports the quantification errors
(MAE, lower is better), accompanied by the coverage (C, higher is better) and
their amplitude (A, lower is better); bold indicates the best value in each case.
A summary of all the binary and multiclass results is reported in Tables [1| and

6 https://github.com/AlexMoreo/ConfidenceIntervalsQuantification
" nttps://github.com/HLT-ISTI/QuaPy/blob/devel/quapy/method/confidence.py
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Table 1: Summary of binary results grouped by bootstrap and confidence region.
Symbol 1T marks metrics for which the higher the better, while | indicates the
lower the better.

Bootstrap Conf. region MAE | C1t A] LRG1?
None None 0.057 - - -
CI 0.055 0.710 0.137 1.617
population-based CE 0.055 0.643 0.202 1.298
CT 0.055 0.601 0.176 1.221
CI 0.054 0.871 0.210 1.767
model-based CE 0.054 0.744 0.255 1.363
CT 0.054 0.662 0.263 1.147
CI 0.055 0.871 0.211 1.767
combined CE 0.055 0.747 0.258 1.357
CT 0.055 0.627 0.245 1.096

Table 2: Summary of multiclass results grouped by bootstrap and confidence
region. Symbol 1T marks metrics for which the higher the better, while | indicates
the lower the better.

Bootstrap Conf. region MAE | C1t A] LRG1?
None None 0.054 - - -
CI 0.053 0.560 0.033 5.148
population-based CE 0.053 0.611 0.052 4.666
CT 0.053 0.641 0.093 4.083
CI 0.048 0.723 0.076 5.765
model-based CE 0.048 0.772 0.100 5.141
CT 0.048 0.807 0.209 4.145
CI 0.048 0.726 0.076 5.769
combined CE 0.048 0.753 0.093 4.833

CT 0.048 0.789 0.205 3.809

] in which all methods and datasets have been aggregated for the reader’s
convenience. The detailed tables displaying the individual performance of each
quantification method in each dataset can be consulted in the additional mate-
rial.

These results reveal some interesting findings. First, that in most cases, the
point estimate generated by averaging across all bootstrap estimates often im-
proves over the raw estimate obtained by the original method, which directly
provides one single estimate. However, this is not always true if we take a closer
look at the individual experiments (see the additional material), and there is one
case (DM in the binary setting) where the original estimate is better, in terms
of MAE, than those provided through bootstrap. In other cases, despite being
worse, the results are statistically similar (3 cases out of 6).



24 A. Moreo and N. Salvati

Regarding the different ways for applying bootstrap (population-based, model-
based, or combined), it seems that, in terms of MAE, there are no significant
differences on the quality of the final estimates in the binary setup. However,
the model-based and the combined approach seems to deliver slightly better
results in the multiclass case, although the differences in performance are not
statistically significant.

In terms of coverage (C), the best bootstrap strategy seems to be the model-
based one, while there is no clear winner within the various strategies for deriving
confidence regions. What clearly emerges from the results is that there is a strict
order CI > CE > CT in the binary setup (with A > B meaning “A outperforms
B”), while this order is reversed in the multiclass case.

While it may seem counter-intuitive that the coverage consistently falls be-
low the nominal level of 1 — a = 0.95, this stems from a mismatch between the
assumed distributional framework (prior probability shift) and the i.i.d. assump-
tion underlying the standard bootstrap. As a result, resampling methods such
as the bootstrap must be interpreted with caution. In practice, the bootstrap
can approximate the variability of a quantifier with respect to the observed test
sample, but it does not account for the additional uncertainty induced by distri-
butional shift. In other words, it fails to fully reproduce the different sources of
variability. Bootstrap intervals therefore reflect the internal stability of the quan-
tifier given the available data, but they should not be interpreted as providing
a formal coverage guarantee for the true prevalence. We are currently investi-
gating alternative bootstrap schemes aimed at incorporating distributional shift
into the variability estimation, with the goal of achieving more reliable coverage
properties.

In terms of amplitude (A) we observe a tendency towards CI > CE > CT.
While there are few exceptions to this, CI always stands out in its ability to
display low amplitude.

The combined evaluation of confidence regions LRG clearly indicates CI is
the top performing method for deriving confidence regions with good coverage
and small amplitude, simultaneously.

Overall, the experiments we have carried out seem to indicate the best
strategy for generating confidence regions around the point estimate is the ap-
proach that combines both population-based and model-based bootstrap meth-
ods, paired with confidence intervals.

4.5 Execution times

A novel aspect of our approach resides in the fact that bootstrap is only applied
to the pre-classified instances that concur in training the aggregation function
(thus avoiding the cost of training different classifiers), and/or to pre-classified
instances that are given as input to the aggregation function (thus avoiding the
cost of classifying each bootstrap sample).

In this section, we report clocked times to showcase the improvements in
efficiency that our proposal brings about with respect to a naive implementation
of bootstrap in quantification, i.e., with respect to an implementation that, for
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Table 3: Summary of clocked times in binary experiments grouped by bootstrap
method.

Bootstrap Implem. Train time (s) (%Rel.Red) Test time (s) (%Rel.Red)
None QuaPy 0.023 - 0.003 -
. Naive 0.023 - 1.681 -
population-based (, 0.023 (=) 1311 (-22.02%)
model-based Naive 11.461 - 1.681 -
Ours 0.287  (-97.50% 1.360  (-19.10%)

. Naive 2.292 - 33.615 -
combined Ours 0.073  (-96.83%) 27.404  (-18.48%)

Table 4: Summary of clocked times in multiclass experiments grouped by boot-
strap method.

Bootstrap Implem. Train time (s) (%Rel.Red) Test time (s) (%Rel.Red)
None QuaPy 0.638 - 0.010 -
. Naive 0.638 - 4.798 -
population-based () 0.638 (=) 4.666  (-2.75%)
model-based Naive 318.760 - 4.798 -
Ours 3.742  (-98.83% 4509 (-6.03%)

combined Naive 63.752 - 95.962 -
Ours 1.535  (-97.59%) 93.381  (-2.69%)

every bootstrap sample generated in a model-based approach, it undergoes the
total cost associated with training a classifier and an aggregation function, and
that for every bootstrap sample generated in a population-based approach, it
undergoes the total cost of classifying all instances and aggregating them. We
call this implementation “Naive”.

Tables [3[ and {4 report the times we have clocked in on a desktop computer
equipped with a 12th Gen Intel(R) i9-12900K processor and 64GB of RAM,
running Ubuntu 22. Recall that, for these experiments, we are resampling 500
times during training with the model-based approach, 500 times during test with
the population-based; for the combined approach we resample 100 times during
training and 100 times during test (thus predicting 100x 100=10,000 estimates).
We also display the percentage of relative reduction with respect to the naive
approach.

Overall, these tables clearly show that there are important gains in efficiency
with respect to a naive implementation. These gains are more marked for the
model-based and combined training times. The reason is that training the clas-
sifier is the most time-consuming task, which is carried out once and for all
in our implementation. There are significant reductions also at inference time;
however, these reductions appear less marked than the training ones, since the
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classification of the instances (that our methods undergoes only once) is far less
costly than training a classifier.

5 Conclusions

In this paper, we have proposed a methodology for deriving confidence regions
around class prevalence estimates. This methodology relies on bootstrap, and
is aimed at circumventing the computational complexity this strategy entails.
To do so, we have focused on a specific type of quantification methods called
“aggregative”. These methods carry out the training and inference phases in two
stages, the first of which is considerably slower than the other. We exploit this
characteristic to apply the bootstrap resampling only in the second phase of the
training or inference phases, thus speeding up the otherwise unaffordable cost.

We have empirically evaluated three strategies for applying bootstrap: the
model-based approach, which applies resampling to the training set; the popu-
lation-based approach, which applies resampling to the test set; and a combined
approach that applies bootstrap both to the training and test sets. We have also
investigated three ways for deriving confidence regions, including traditional con-
fidence intervals, confidence ellipses in the simplex, and confidence ellipses in a
transformed space. Our findings suggest that the combined approach paired with
confidence intervals is the most effective method for deriving confidence regions.
Practitioners should consider this approach when computational efficiency is a
priority and when robustness under prior probability shift is required.

By construction, standard bootstrap methods rely on the i.i.d. assumption
and therefore cannot provide valid coverage guarantees under prior probability
shift. In such cases, bootstrap intervals merely quantify the internal variability
of the quantifier on the given sample, while the additional uncertainty induced
by distributional shift is not captured. In the near future, we plan to investigate
other resampling schemes that explicitly incorporate this shift as a promising
direction for achieving more reliable coverage properties.
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A Additional Material

In this section, we report, in disaggregated form, the results summarized in Tables[I]and
[ of the paper “An Efficient Method for Deriving Confidence Intervals in Aggregative
Quantification”.

The notational conventions we used are as follows. For each dataset and each metric,
we highlight in boldface the best results. For the sake of a rapid interpretation of
the results, we highlight, independently for each evaluation metric, the best result in
intense green and the worst result in intense red; the rest of the results are interpolated
between both extremes. All results are confronted against the best one by means of
a Wilcoxon signed-rank test. We use superscripts f and I to indicate the methods
(if any) whose scores are not statistically significantly different from the best one at
different confidence levels: symbol § indicates 0.001 < p < 0.01, while symbol { indicates
p > 0.01. Each table is devoted to one quantification method, and displays the results of
the original quantification method (i.e., one that does not provide confidence regions),
only in terms of MAE, and all combinations of bootstrap methods (population-based,
model-based, and combined) with the tree methods for generating confidence regions
(CI, CE, and CT), in terms of MAE, C, A.

Tables [Ba] FB} and [5q report the results we have obtained for ACC, PACC, and
DM, in the binary datasets, respectively; while Tables [6a] [6b] and [6] report the results
we have obtained for ACC, PACC, and DM, in the multiclass datasets, respectively.
The goodness measures for ACC, PACC, and DM are reported in Tables [7a] [7b] and
for the binary datasets, and in Tables [8a] [Bb} and [Bq for the multiclass case.
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ACC
- Population-based Model-based Combined
B [} T g CE I CT ] I CE I CT
MAE[MAE C A ‘,\l/\l—l [ MAE MAE C A ‘ MAE C A [MAE C A ‘ MAE A
balance.1 028 023 82 .08 .024T .77 .12 029 029 76 .13 029 .72 .12 |.029 .85 09 .029 12
balance3 021 [.014' 95 .08 .014 91 .11 020 02 86 .13 02 .76 .13 [.020 .98 .10 020 10
breast-cancer 020 028 70 .07 028 71 .12 020 0200 77 13 .020 81 A7 [.020 .91 .09 020 16
cme.l 110 |22 53 .24 122 53 .34 106+ 106 65 .37 .106° .65 .47 [.113 46
cme.2 A71 1337 84 .40 .132 81 .46 158 58 .72 .49 158 .70 .67 |.167 57
cme3 187 (243 37 .36 [243 33 .43 .168 168" 65 .48 .168 49 .49 |.168° 54
german 080 [.082 .66 .20 083 .59 29 .077 078 74 35 64 .38 |.079 40
haberman [[4977).1028 85 .42 .102° 76 A7 0964 095 72 .64 59 .59 |.111 .53
ionosphere 083 072t 116 .10 .072 21 .14 084 084 46 .22 40 .23 |.082 24
: 000 |.001 1.00 .07 [001 .89 .10 001 001 .89 .10 88707 |.000 07
064 [.049" 95 .24 .049 86 .32 065 065 87 .62 57 .56 |.068 53
iris.3 085 |.091 00 .08 091 .01 .20 085+ 084 21 .19 34 (22 |.087 19
'mammographic .044 |.049 63 .12 .049 .60 .16 043 043 .78 .21 67 .19 |.041* 19
pageblocks.5 115 [.081 .53 .15 081 51 .23 112 112 54 37 58 .27 [.114 .25
sonar 126 |.104) 34 .13 .103 .33 49 17 A7 50 .41 48 40 |.119¢ 42
spambase 015 [.016 1.00 .09 [016 93 .12 016 016 .90 13 78 14 |.016 13
spectf 109 |.060° 81 .21 .060 .66 .28 095 095 .74 51 64 .57 |.095 46
tictactoe .008 |.006 1.00 .07 .006° .91 .10 007 008 .83 .11 78 .11 |.008 10
transfusion 132 |.120° .86 .48 .120° .74 52 117 117 .82 .60 61 .58 |.112 .66
wdbe 018 0170 84 08 .017 77 11 018t 0187 .79 [T 72 .09 |.018* .07
wine.l 006 [019 | 80 .07 019 .79 13 .006 006¢ .93 .10 83 11 |.007 09
wine.2 019 |.011f 92 .07 .011 .89 .10 019 019 88 .12 78 .12 |.020 14
wine.3 023 |.0200 .88 .07 .020° .84 .11 022 022 87 .14 74 .14 [.020 15
wine-qred 042 |.032' .97 .16 .032 .92 .22 039 039 83 25 70 .35 |.040 .30
wine-q-white 040 [.052 @ .86 .20 083 |85 .27 .039 040 80 28 75 .36 |.040° 33
yeast A58 |.130° 41 .21 .130 (35 .20 156 55 .43 .36 56 .45 |.146 .39
Mean 071 [065F 72 .17 .065 .67 .24 066+ 066" .73 29 6631 [.067° 85 26 .067° .29
(a) Binary experiments for ACC.
PACC

] Population-based I Model-based Combined

] S CE T | T CE I CT T CE
MAE|MAE C A [MAE C_ A [MAE C A |[MAE C A |MAE C A |MAE C A |MAE C A [MAE C A A
balance.l |-024 033 .67 .08 033 57 .12 033 58 10 02 .94 09 |.025 81 13 .02 73 13 |.025 91 09 [025 .75 .13 10
balance.3 026 .023F 90 .08 .022 .76 .11 [.023% .74 .08 .026 1.00 .09 [.025 .84 .13 .026 [747.11 [.028 1.00 .09 [.028 .76 .13 13
breast-cancer |.016 |.015 .84 .07 015" .74 .11 [.015 .77 .11 .016' .92 .09 [.016' 83 .12 .016' .73 14 |.016' 91 .09 [.016' 74 .12 11
cme.1 075 079 .70 .20 079 .57 .29 |079 61 .27 .074' .86 .26 [.074 .84 .34 .074° 56 .30 [080 .85 .26 [080 .70 .32 .39
cme.2 047 (054 |88 .21 054 81 .28 [054 59 25 .045 .98 .28 |.045' 81 .36 .045 .67 .39 [.045° .98 .20 |.045% .79 .36 40
cme.3 425 104" 67 .23 .104 53 .31 104 52 31 121 68 30 |.121 .54 .38 121 (50 37 [120 .70 .30 |.120 .60 .36 .39
german 037 .037% 85 .15 .036' .71 .21 [.037° .65 .23 .034 .97 .22 034 .67 .35 |.035' .98 .22 |.034% .86 .28 .26
haberman |17 | 113 51 .23 113 139041 113 47 33 008 .94 47 098 49 .46 |.094 .97 [507|.004" 84 .44 A4
ionosphere  [.097 086! .01 .09 .086 .04 .16 |.086' .10 .09 097 .18 .16 097 .29 .19 [098 .13 .16 098 .28 .21 19
iris.1 005 013 .90 .07 013 .85 A1 |.013 77 .08 .005° 1.00 .07 .005¢ .78 11 {005 1.00 .07 [.005 .79 .10 09
i 062 047" 74 .15 .047 63 22 [.047° 58 21 054 1.00 .38 054 .65 .56 |.058 1.00 .37 |.058 .88 .44 47
iris.3 011 008" 98 .08 .008 .88 .11 |.008' .80 .10 [.011F 1.00 .13 011* .73 .16 |.011' 1.00 .13 |.011F 87 L7 14
037 044 62 .11 045 61 .15 |04 5212 036 .93 .14 036 .73 20 |.035% 92 .14 [.035 .79 .19 17
pageblocks5 |.029 .021 .96 .12 022 83 .16 [.021 .74 .15 031 1.00 .18 031 .78 .22 |.033 1.00 .18 |033 85 24 19
sonar 164 | .095' 30 .12 .095 .36 36 (.095° 42 .18 157 36 .24 157 45 35 [157 .35 .24 |57 .33 .36 .36
spambase 012 013 .99 .08 014 .86 .12 |.013 70 .11 .012 1.00 .09 012 .76 .15 |.012 1.00 .09 |.012 91 .12 12
spectf | 085 .070 .54 .15 070" 1721 [.070 54 25 074 .96 .33 074 .70 |54 |.073 .94 32 |.073 .74 39 43
tictactoe  [.014 013 .94 .08 .013 .79 .12 |.013° 78 .10 .014} .94 .08 014* .73 .10 |.014" .96 .08 |.014" .78 |13 10
i 061 065 .71 .18 065 .62 .27 |.065 53 .26 .058 .99 .28 058 .62 36 (.059 .99 28 [.059 .86 .36 30
017 013" .94 07 .013 .8 .11 |013° 71 .07 017 .87 .08 017 .68 .11 [017 | 86 .08 [017 .72 .11 .09
005 015 .81 .07 015 73 13 015 75 .08 004} 1.00 .09 004° .78 .13 |.004% 1.00 .09 |.004 86 .13 12
017 .009 95 .07 .009° 80 .11 [.009 .77 .08 [017 1.00 .09 017 .82 |15 |.016 1.00 .10 |.016 91 .13 13
wine.3 026 026" 81 .07 .026' 67 .12 |.026' .72 .08 .026 .99 .09 026 .71 .12 |.026' .99 .09 |.026' .75 .13 13
wine-g-red  [.030 |.032F .90 .14 .032% .80 .19 |.082F 68 .22 020" .98 .17 |. 87 . 29t .72 .30 [.029° .98 .18 |.029° 81 .23 31
wine-q-white [.037 062 .70 .15 063 63 .21 |.062 58 20 .036 .93 .17 [.037' 84 [237.086 .61 .21 037" .93 .17 |036' .76 |24 21
yeast 128 131 07 .16 131 06 .25 |31 .19 .19 128 .33 21 |.128 .31 .29 128 .35 26 |.122' .37 .21 122 .39 .29 22
Mean 050° .047 73 12 0470 64 19 |.047 61 .16 048" .88 .18 |.048' 75 23 048" 65 25 |.048' 87 .19 |.048' 74 .24 23

(b) Binary experiments for PACC.

DM

- Population-based | Model-based Combined

- CI | CE CT

A[MAE C A [MAE C AMAE ¢ A [MAE ¢ A4
A3 |.o11* 75 a1 (011 .95 .09 |.011 .77 .12 011 .74 a2
A3 024 .74 .08 |.025 93 .08 [.025 .76 .12 .025 .69 .07
A2 (019 82 .10 [019 93 .08 |.019 .79 .11 .019 .71 .10

MAE|[MAE C A } MAE ¢ A [MAE ¢ A4 } MAE C A
balance.1 012 |.029 72 .08 029 67 13 029 66 .11 .011% .95 .09

balance.3 024 [.020° 94 .08 .019 .82 .12 .020' .69 .08 .024 .95 .08
breast-cancer |.018 [.015 .96 .07 .015° .84 .10 .015 .73 .08 019 .93 .08

cme.1 069 |.079 72 .21 079 62 27 079 51 .27 .062" .93 .26 33 |.062° .65 .39 [.067 .92 .25 [.067 .77 .33 .067 .62 .31
cme.2 053 |.053° .87 .20 .053 .81 .28 053" .68 .31 .054° .96 .27 .35 |.054' (58 .38 |.055% .97 .28 |.055% .82 .35 .055¢ .65 .37
cme.3 105 |.082 .76 .23 .082' .65 .30 .082 .58 .34 .099 .78 .30 36 [.099 .51 38 |.098 .79 .31 |.098 .63 .37 .098 46 .36

german 063 |.063 62 .14 063 53 .27 063 .54 .22 053" .88 .30 |.053* 61 .33 |.053' .00 .23 |.053' .65 .20 .053" .54 .31
haberman |.072 [.049 .90 .22 .049' .75 .30 .049 .61 .23 074 1.00 .54

ionosphere [.084 |.065° .09 .09 .065 .21 .15 .065' .22 .10 .075 .53 .16

iris. 1 .002 |.016 1.00 .07 .016 .91 .10 .016 .85 .07 .002 1.00 .07
iris.2 .034 |.051 .62 .12 .051 .57 .21 051 .60 .18 .038 1.00 .34 43 |.038 .70 .40 |.040 1.00 .34 |.040 .80 .44 040 .55 .33
18 |.042 .74 .14 |.042 98 12 |.042 .79 AT .042 64 .13

iris.3 051 |.031 .65 .08 031" 64 .13 .031 .59 .08 042 .99 .13
ic.037 |.043 63 .11 [043 62 .15 043 48 11 039 91 .14
pageblocks.5 |.048 [.042 .71 .10 .042' 62 .14 .042 62 .11 060 83 .14
sonar 2207|135 .09 .11 135" 07 .16 .135 .10 11 205 (01 .25
spambase  [.011 |.012° .99 .08 [.012% .86 .11 .012¢ 81 .10 .011 .99 .08
spectf 090 [208 01 .13 [208 04 28 208 .09 .15 .121 .97 37
tictactoe  |.014 [.010 .99 .07 010" .92 .11 .010 .87 .09 .013 .99 .08
transfusion 074 |07 33 .17 107 37 24 107 38 25 090 .93 .28
wdbe  [-012 [017 .89 .07 017 .78 .11 017 .67 .07 012 .92 .08
winel  [.027 |.065 10 .07 065 A1 .11 065 .10 .06 .03 .99 .09
wine2 009 |.012 .98 .07 .012 .84 .12 012 .68 .07 012 .99 .09
wine.3 006 |.006 .99 .07 006 .87 L1l 006 .83 .09 .005 .99 .08
wine-g-red [.028 [.030% .92 .14 [.030* .83 .19 |.030% 67 .19 .026* 1.00 .17
wine-q-white |.037 |.056 .74 .16 057 62 22 056 .59 22 038 .94 .17

yeast 075 [.070° 52 .14 .070° 49 .20 070" 42 .15 .069 7218 25 |.069 .57 .24 |.066 .77 .18 |.066° .65 .25 .066 .49 .21
Mean .049 [052° 68 .12 |053' 62 .13 052" .56 .15 .049' 89 18 24 |.049" 67 .23 |.050° .89 .18 |.050° .74 |24 050" 63 .21

(c) Binary experiments for DM.

Table 5: Binary experiments for ACC, PACC, and DM.
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ACC
- Population-based I Model-based Combined
- S} I y I CT | T I CE CT D T
MAE|MAE C A |[MAE C A |MAE C A |[MAE C A |[MAE C A [MAE C A |MAE A |MAE C A |MAE C_ A
hev 297|227 34 45 .227° |35 43 227° 36 .36 219" 69 .83 .218 .70 |85 |.2197 .80 .85 |.219° 81 [.2207 66 .78 2197 .79 8
image_seg |.006 [008 .67 .00 (008 .82 .00 008 & .01 .006 92 .00 .006 .92 .02 [.006 .98 .01 |.006 00 |.006* 93 .01 |.006 .94 .02
phishing 073 077 .51 .05 .077 @6 .12 077 .61 .16 .066 .84 .13 .066' 82 .15 066 .82 [527(.070 14 |.070 80 .13 [.070 .79 50
page_block [.054 |068 19 .01 068 31 .03 068 28 .03 .049' 77 .03 .049 .85 .06 |.049' 84 .07 |.051 03 |.051 .77 .06 |.051 .75 0T
chess 045 037" .09 .00 037" 26 .00 .037" 13 .05 .036' .19 .00 .036' .42 .00 |.036" .16 .07 |.036 00 [.036 .47 01 |.036 .21 .08
mhr 126 |124 31 .05 124 34 .09 .24 56 .18 A1 60 a1 11 62 .11 [anf 72 39 111 1 [a1f 59 10 111 .76 4L
connect-4 134 [111* 82 21 .11 .80 .20 .111* .88 71 .116' 81 .23 .116' (78 1.20 |.116' .80 .67 |.117° 23 [.117° .79 .18 (117t .79 .66
poker_hand [.139 [139 .00 .00 139 00 .00 .139 00 .00 .121" {00 .00 .121° 41 .43 [.121° .65 .65 [.121 .00 [121 .10 07 [121 .26 .33
molecular  |.019 |.018* .77 .01 .018 .79 .03 .018" 77 .04 .019' .78 .01 .019' .79 .03 |.019' .82 .03 |.019 01 019" 77 02 |.0197 80 [04
waveform-vl |.012 [018% .97 .01 0128 .94 .03 [0138F .94 .05 .012' .99 .01 .012 .94 .03 |.012° 91 .05 |.012° 01 |.012° 93 .04 |.012° .97 .06
isolet 002 [002" 66.00 002" .97 .00 .002° 92 .04 002 69 .00 .002° 96 .02 |.002 .97 .04 |.002 .00 |.002° .97 .02 [002 .95 .07
cme 110 121t 62 .6 121t 61 .16 121" 65 .43 .103 .89 .24 103" .82 .25 |.103 .83 66 |.103° 24 [.1038 .71 .24 [.103' 81 .62
shuttle 066 068 .12 .00 068 .11 .00 .068 .12 .00 .067 .19 .00 .067 22 01 |[.067 .23 .02 |.067 00 |.067 21 .02 |.067 .23 .04
satellite 015 |015* .80 .00 .015' .87 .01 .015' .97 .01 .014' .88 .00 .014' .94 .01 |.014' .99 .02 |.014 00 |.014* 92 .01 |.014 .95 .02
hand _digits |.004 |004 .96 .00 004 .95 .01 [004 .99 .00 .004' 97 .00 .004% .99 .01 [.004' 96 .01 |.004% .00 |.004 19571 .01 |.004% 98 .02
yeast 158 |130¢ 41 .21 .130 [857].20 .130° 47 .31 [156 49 .29 155 43 .36 [.156 .56 MBV|.146 30 [146 45 .38 |.146 .49 .39
011|011 .95 .00 .010 .92 .01 .011' .96 .02 .011% .98 .00 .011' .97 .01 |011f .97 .02 |.010° 00 |.010° .95 .01 |.010° .98 .02
012 7.010° '8677.00 .010 .87 02 .010' 91 .02 .011 94 .00 011 91 .01 [.011 .97 02 |.011 00 |.011 .91 02 |.011 .97 .01
abalone 097 |081 .05 .01 .081 [05 .04 .081 |07 .08 .068% .34 .10 0680 56 .07 |.068% .24 .28 |.068% 1 |.068 .60 .07 |.068° 23 .24
letter 006 [007 .49 .00 1007 .76 .01 007 .72 .08 .006 .53 .00 .006° .79 .02 |[.006 .75 .08 |.006° .00 |.006 .83 .03 |.006' .80 .11
digits 003 |.003* 93 .00 .004* .98 .01 .003* .96 [02 .003' .95 .00 .003' .96 .01 |.003" .98 .00 |.003 .00 |.003* .95 .01 |.008 .98 .01
demic-success| 037 [.037% 89 .04 0370 90 08 037 W877.15 .036 .93 05 .036' .94 .10 036 .92 [187.036' 05 |.036' 92 .11 |.036' .88 .18
wine-quality [.171 [166 .01 .00 .166 .01 .00 .166 .00 .00 .147% 28 .15 .147% .34 .12 |.147F 70 .56 |.146° 17 |.146 .36 .13 [.146° .77 .60
dry-bean  [.005 [005 .97 .00 .005 .92 .00 .005 .98 .01 005 .97 .00 005" .97 .01 |.005 .96 .00 |.005 00 |.005* 97 .01 |.005 .94 .02
Mean 1067 ].062' 15611.05 0621 60 07 062" 62 .12 058" 69 .09 058" 75 .12 |.058 .77 1237].058 09 |.058 73 .10 |.058 .75 22
(a) Multiclass experiments for ACC.
PACC
- Population-based Model-based I Combined
- S I CE T | S y I CT | ¢ CE CT
MAE|MAE C A |[MAE C A [MAE C A |[MAE C A |[MAE C A |MAE C A [MAE C A |MAE C A |[MAE C A
hev 3050 274 MEANAT 273 19 |274 (23 .30 285 52 66 [236" 49 67 .235 .72 [N 2370 51 65 |.237F 50 66 237" .73 WY
image_seg 006 [007 .83 .00 01 [{007 .90 .00 .005% .95 .00 |.006 .96 .01 .005' 95 .01 .005' .96 .00 |.005 .93 .01 .005' .94 .01
phishing 035 |.037 .71 .02 06 [.037 .82 .09 .033 .92 .05 [.033' 89 .00 .033 .92 .24 .032 91 .05 032 87 .10 .032 .84 23
page_block [042°].042 40 .01 03 [.042 46 04 039" .82 .02 [.039 80 .04 039" 81 .06 042 69 02 042 69 04 042 80 .04
chess 041 |.034* .18 .00 .01 |.034° 21 .07 .034% 22 .00 |.034% .38 .01 .034} 23 .08 .034" 22 .00 |.034% .38 .01 .034% 25 .07
mhr 056 [.043 .79 .05 07 043 85 17 051 .86 .08 [.052 .86 .10 051 .85 .32 049 .90 .08 |.049 77 .09 049 86 .33
conmect-4 .03 |.032' .88 .04 . 08 [.032° 94 .13 032" .88 .04 |.032° .88 .08 .032' .98 .15 .032' .90 .04 |.032° .86 .09 032" 88 .14
poker_hand 098 [099 .00 .00 00 .00 [099 .14 .14 091 12 .10 091 .09 .09 .091* .85 .86 .091* .10 .09 |.091° .08 .08 001 .83 .86
molecular 017 |.017" .77 .01 02 [.017° .79 .03 017 80 .01 |.017% .85 .02 017" .81 .03 018" .80 .01 |.018" .74 |02 018" .77 .04
waveform-vl 010 [.010" .99 .01 02 |.010" 917.04 010" 98 .01 [.010 .93 .03 010" 94 .04 .010' 98 .01 |.010° .93 .03 .010' .91 .05
isolet 002 |.002° 66 .00 01 [.002° 96 04 002 [68 .00 002 97 .01 .002 .98 06 .002 .71 .00 002 .98 .03 .002 97 .03
eme 103 |.146 .06 .05 A3 [146 27 19 099 53 11 [.099 59 .15 .09 .73 .41 .097% .56 .11 097 .64 .16 .097F .72 41
shuttle 049|061 .33 .00 01 [061 .57 .02 .043 .97 .02 [043' 94 04 .043 .97 .18 043 .97 02 |.043 93 03 043 94 20
satel 010 |.011 .92 .00 01 [.011 .94 .01 .010° .94 .00 |.010' 93 .01 .010° .98 .01 .010 .95 .00 |.010° 92 .01 .010 .97 .02
hand_digits 003 |.004 .95 .00 00 [.004 97 00 .003* 97 .00 [.0037 .96 .00 .003' .99 02 .003° 97 .00 003 93 .01 003" 97 .02
yeast 128|131 07 .16 25 |81 .19 .19 128 .33 21 |28 .31 [290.128 .35 26 .122F 37 .21 |122 .39 [OW .122¢ 37 .22
nursery 010 [.008° .98 .00 01 [.008% .94 .02 1010 |.96 .00 [010 .97 .01 010 .94 02 010 .97 .00 [010 91 .02 010 90 .02
obesity 015 |.013" 60 .00 03 |.013° 81 .02 .015' 66 .00 [.015 .78 .02 .015' .86 .00 015 .66 .00 |.015 .81 03 015 .82 .02
abalone 079 [072 .14 .01 01 |072 .18 .14 .057 55 .07 |.057" .59 .05 .057 .52 [40 .057' 51 .07 |.057% 58 .05 .057° .49 .37
letter .005 |.006 .49 .00 .02 2 07 .005' .55 .00 |.005 .81 .01 .005' .86 .07 .005' .56 .00 |.005' .88 .03 .005' .86 .06
digits .003 |.003 .91 .00 01 01 .003 00 [.003 |94 .02 .003 .97 .02 .003 .93 .00 |.003 .95 .01 .003 .93 .02
academic-success 035 103877 .69 .02 06 10034 03 [034 84 06 034 89 .11 .032 89 .03 |.032' 83 07 .032 .90 .14
wine-quality [[1237].106° .27 .02 03 16 106 06 |.106 51 .06 .106 .59 43 .104° 46 07 [.104 .51 .07 .104° 58 .42
dry-bean 004 |.0057 .98 .00 .00 02 .005' .98 .00 |.005° .94 .02 .005' .95 .01 .004 .98 .00 |.004* (89 .01 .004 .93 .02
Mean 051 |.0507 57 .02 050" .04 08 045" 73 .06 |.045' .76 .08 045" .82 119 044" 73 06 |.044 75 .08 0447 80 .19
(b) Multiclass experiments for PACC.
DM
] Population-based Model-based Combined
] S CT ¢} CE I CT I CT
MAE|MAE C A [MAE C A [MAE C A |MAE C A |MAE C A [MAE C A [MAE A A|MAE C A
hev 9930 202 7017 |.202 200 23 [202 48 51 |83 68 75 |83 75 (79 .183' .89 [N 72 76 182 85 86
image_seg 011 [0I3 .39 .00 [0I3 .77 .00 [013 .82 .02 [.011 .84 .00 [.011 96 .00 .011 .95 .02 00 00 011 .97 .03
phishing 050 .075 29 .02 (075 35 .05 [075 42 .04 |.064 .56 .04 09 064 .66 .1 04 09 063 .68 .11
page_block .038 057 .16 .01 |.057 22 .02 |057 .31 .02 |.043 .56 .02 04 043 .69 .05 02 04 045 .62 .06
chess 038 033 .19 .00 [.033 34 .00 |033 .24 .08 031 .40 .00 00 031 41 .14 00 00 .031F 46 .19
mhr 060 .041% 85 .04 [.041 (81 .08 |041' 87 .14 |.056 .84 07 11056 90 24 06 11 .055 .91 24
connect-4  .033 032" 95 .04 [.031 .93 .07 [.032" .96 .13 |.032' .94 .04 .08 032" .93 .14 04 08 032" .93 .14
poker_hand |18 118 05 .01 [118 1007.00 [118 03 .02 |.099' .35 .32 52 009" .89 92 33 47 099° 87 94
molecular 018 016" 83 .01 [.016 .82 .02 [016° .81 .02 |.019 81 .01 02 019 83 .03 01 02 019 81 .03
waveform-vl 009 010F .98 .01 |.010° .93 .02 [010f .94 .03 |.009" .98 .01 02 009" .95 .04 01 03 .009° .97 .04
isolet 78 .00 [.004 .98 .01 [004" 93 .03 |.0045 82 .00 02 0044 98 07 00 00 .004 98 07
cme 12 .06 [120 .22 .12 [121 .30 20 |.068% 87 .12 A7 .068° .90 .41 12 18 .068° 86 43
shuttle 52 .01 [050 69 .01 [050 .66 .04 [050 .83 .01 02 050 80 .12 01 02 050 79 12
87 .00 011 90 .00 [011 .90 .02 |.011" 91 .00 02011 .95 .01 00 01 .011 .95 .01
93 .00 |.005 .95 .01 [005 .95 .01 [.005 [937.00 02 .005 .96 .01 .00 01 005 .94 [03
52 .14 |.070° 49 20 [070° [A2N.15 [.069 .72 .18 250 069 .57 (24 18 25 .066 49 21
96 .00 [009 .94 .01 [009 .95 .02 [.009 .99 .00 01 [009°7.96 .02 00 01 .009 .97 .02
3 51.00 |015° 72 01 [015f 83 .02 |.014" 78 .00 01 014t 96 .01 00 01 014" 95 .04
abalone 08 .01 |.067 |12 .02 |.067 14 .09 |.055' .75 .13 07 .055' .78 .60 13 07 .055' .73 .56
letter 17 .00 |.007 32 .00 007 .36 .06 |-007 .23 .00 03 .007 39 .04 .00 03 007" 42 .08
digits 93 .00 |.005* 877 .02 |.005* 95 .01 |.004' .93 .00 010044 95 02 .00 02 .004 91 .03
academic-suc 87 .02 [.025' .87 .08 |.025' 84 .08 |.024 92 .03 06 .024 .92 [10 03 07 .023% 89 .09
wine-quality | .141 134 |11 .02 |134 [11 .03 |134 33 21 [124 40 .09 06 124 .72 5T 09 05 125° 69 .53
dry-bean  .005 {005 .95 .00 [005 .95 .01 |005 93 .01 |.005 .97 .00 01 005 .97 .01 00 01 005 .93 .01
Mean 046" 0477 55 .02 [.047' 60 .04 |.047" 64 .08 |.042" .75 .08 10 .042° .83 20 08 10 .041F 82 .20

(¢) Multiclass experiments

for DM.

Table 6: Multiclass experiments for ACC, PACC, and DM.
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[ Population-based | Modelbased, Combined
CT CE COT | O _CE COT | Cf

Dalancel 227 1763 1979' 2050 1643 1586 |2097 1.647 1477
balance.3  2.516 2.140 2013 2432 1900 1695 (2431 1781 1670
breast-cancer 1.836' 1.668 1.716' 2.159' 1.658 1.689 [2.262 1.628 1.618
cme. 1 0.840° 0.702 0.642 1.201 0.862 0.649 |1.113" 0.850 0.506
cme2 1093 09970 0552 1021 0847 0571 (0990 0849 (0.426
ceme.3 0.444  0.386 0495 0.980° 0.740' [0.346 [1.023 0.754° 0.427
german  1.120° 0.924" 0.756 1.250° 1.006 [0.712 [1.259 0.907 0.770
haberman  1.050 0947 0469 0.693 0.551 0409 [0.693 0.714 [0.367

ionosphere 0392 0.461 0406 0.959 0.803' 0573 |0.868" 0.9107 0.5¢
2.818 2232 2420 2.818 223202420 [2814' 2384 2497
1.580 1.266 1.011 1.040 0.888 [0.399 |1.073 1.006 0.393
iris.3 0,000 0.021 0.037 0,023 0.369' 0.438 |0.116! 0.305° 0.410°
mammographic 1.413* 1.168 1.267 1813 1195 |1.840 1414 [1.078
pageblocks 5 1.196' 0.994 0.957 1.486 0888 |1.376' (0.880 0.901
sonar 0.566' [0.459% 0.507" 0.683 0549 [0.694 0655 0453
spambase  2.548 2102 2.102 2505 1714 (2496 1966 1594
spectf 1398 1019 0799 1268 0509 [1251 1105 0.454
tictactoe 2750 2.235 2255  2.660 1868 |2.637 2079 1892
transfusion 1,010 0.861¢ (0144571 1.023 0465 [0.952 0915 0497
wdbe 2204 1780 1.812° 2.224 1.755 |2.203F [1.526 1.551
winel  2.148" 1864 18371 2.736 2082 |2.719" 2255 2.263
2516 2162 2294 2.591 1831 | 25730 1.969 1871
2319 1981 2216 2473} 1581 [2.479 1.969 1664
1.947 1632 1280 1785 0916 |1782 1457 0.942
wine-g-white  1.547 1.362 [1.054  1.720% 0998 [1.734 1365 1.006
yeast 0.715' 0.540" 0.732" 0.750! 0.524 |0.862 0670 0.452
Average 15437 1295 1236 1.629 1282 1,091 |1.620" 1306 1,068

(a) Goodness results for binary experiments using ACC.

[ Population-based | Modelbased Combined

[ & [t CT | oI __CE _CT
balance1 17107 |I281 1:364  2.805 1.733 1.502

balance3 2373 1776 1823' 2.484' 1825 [1.654 1648 1653
breast-cancer 2217 1702 1.811° 2.315 1799 1575 1634 1604
cmel 12030 0.896 0858 1.395 1215 (0.706 1023 0.746
eme2  1.542 1253 0842 1537 1143 0751 11120701
cme.3 1.129 0777 0.623 0968 0.701 0.460 0.795 0.486
german 1708 1279' 1020 1693' 1372 0.835 1.388 0641
haberman  0.698 0452 0459 1187 0.957° 0.389 1.129° 0.331
jonosphere  [0:023770.080 0.323' 0.385' 0.462 0.383' [0.207' 0.433' 0.330
iris.1 2449° 2024 1999 2.753 2077 1905 |2.749" 1966 2.019
iris.2 1472 1102 0921 1357 1.128" 0.527 |1.378" 1.220° 0.479
iris3 2603 2074 1964 2201 1628 1431 (2211 1682 1324
mammographic 1.4347 1.226 11130771952 1497 1334 |1.937% 1.445 1.255
pageblocks5 2.285 1703 1527 1994 1504 1433 [1.997 1494 [1.200
sonar 0.796 0.629 0.666° 0.490 [0.865 0.466' [0.481 0387 0.430"
spambase  2.552 1963 [LG0S' 2540 2.036 1651 [2537 2072 [1.620
spectf  1.035' 0889 0789 1.444 1002 0.626 |1.438 1038 0506
tictactoe  2.483  1.842 1935 2410 L7438 1735 2469 1790 1583
transfusion  1.310° 1,015 07887 1.541° 1078 0701 [1.549 1224 0.762
wdbc 2506 2001 1824 2219 1696 1574 |2199 1.625 1465
winel  2.102' 689N 1872% 2.552 2032 1779 |2520 1940 1.762
2.563 1.897 1936 2517 1.808 1.808 |2.496 2.034 1431
2.158" [1.585  1.785 2.510 1.866 [1.581 |2.501' 1.626 1.657
1891 1495 1132 1.896 1052 |1.877 1411 0939
wine-g-white 14350 1144 1026  1.805' 1.423 [0.989 [1.812 1285 0.985
yeast 0136 0101 0281 0568 0454 0418 |0.634 0569" 0.471'
Average  1.687 1303 1241 1.808 1388 (1120 |1805' 1371 [1.076

(b) Goodness results for binary experiments using PACC.

Population-b: Modelbased | Combined
Cl__CE CE__Cr | Gl _CE _CT
balance.1 1.8657 1641 1844 1710 2.399 1.678 1.671
balance3 (2,510 1924 1663 1816 2405 1726 1.706
breast-cancer [2.627 2.063 1.869 1981 2387 1810 1.686
cme.1 1282} 0954 1199 0739 15390 1182 0.784
eme2  [1.558 1.302 1207 (0596 1536 1191 0.759
cme3  [L814 1075 0796 0492 1172 0863 [0.402
german [ 1.165¢ 0.842 1017 0783 1540 0993 0623
haberman 1.556 1.130 0.808 0.511  1.104  0.909 0.358
ionosphere  [0.219 0.450 1.120 620 1.107" 0993 0.6867
iris.1 2.811 2289 2293 2169 2.748 2121 1.988
iris.2 1.329% 1.024 0983 0797 1.415 0994 0.600
iris.3 1718¢ 1.486 L611 1491 2216° 1612 1311
1447} 1242 1344 1208 1942 1304 1181
pageblocks.5 |1.769" 1.355 1237 1120 1.867 1155 1215
sonar 0.287" 0.158" 0.094' 0.305 0.016 0.056 0.289"
spambase  [2.608 1.996 1906 1.852  2.560 2085 1.821
spectf 0.017  0.071 1.048  0.589 13231 0.994 0.659
tictactoe  [2.684  2.208 2154 1890 2577 2.061 [1.664
transfusion  [0.675 0,677 1072 0.681 1399 1043 0.387
wdbe  [2.386 1831 1860 (1734 2376 1840 1.786
wine.l  |0.333 0.321 2.500 1819 1842 2494% 1817 1836
wine2  [2.690 2.055 2516 1814 (1654 2492 1.800 {1616
wined  [2.741 2109 2,647 1843 2651 2033 1648
wine-g-red 1.9 1.982 . 1195 1.952 1.437 1.078
wine-g-white | 1.491% 1064 1843' 1439 1021 1.849 1.389 1.006
veast 1.130° 0.929 1.382" 1128 0859 1.475 1.117 [0.761
Average | 1.622 1295 18644 1419 1221 1.867 1392 1143

(c) Goodness results for binary experiments using DM.

Table 7: Goodness results for binary experiments using ACC, PACC, and DM
in terms of Log-Ratio Goodness (LRG).
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Population-based Model-based I Combined

s} CE CT &} y (S CE___CT
0332 0323 0.202 | 05237 05277 0.574 05247 0.501° 05710
10378 9.506  9.843 [14.200 10219 13.318° 9.981 | 8.156
phishing 1.555° 1245 1114 |2.012 0950  1.989% 1.925° 0.949
page_block [[089377 1128  1.028 |[2.911 2419 27960 2319 2152
0777 2163 [0.485 | 1.361 0571 1553 3.648 0676
0.883  0.947" 1017 | 1.364' 0.946'  1.338  1.385' 0.960
1401 1523° 0701 | 1.346 0733 1305 1554 0.716

connec

poker_hand  [10.000°  0.000 0.000 0.608 00000 0.271  0.364°
molecular | 3.605  3.001 3.593 3152 3.466 2,946
waveform-vl | 4407  3.512 4401 3054 | 4.416 3. 3.208
isolet 10.638' 12.750 11121} 11713 11.766° 10.986' 10.089"
cme 1198F 1178 1.533 07641 1483 1119 0811
shuttle 0.839" [ 0.721F 1.204* 1011° 1.258  1.064° 0.953°
satellite 8.635'  7.180 8.963¢ 5850  9.372 7.167 [5250
hand_digits | 15.473° 13.883 15.635" 13.450 15.796 [AI7871 12.641
yeast 0.715"  0.540 0.750° 24 0.862  0.670 | 0.452
nursery 6.235!  4.973 6.339 4836 6.287° 4800 4.724
obesity 13.160°  9.604 13.675 6.941  13.450' 8479  6.363
abalone 0.186 0.8 0191 0999 1.848 0.205
letter 7.898! 8. 6.227 | 9.3487  9.944' 6.055
digits 14.990° 13.723° |15.312 13.952 15.312 [1.625 12.532
1 success| 2,869 1876 | 2.852 1901 2866  2.365 | 1.809

0.000 | 0.579° 0. 0.690°  0.767  0.764' 0.749°
10.183 |15.013" 10792 10.605 15.075' 10.749 |8.558
4047 | 5587 49617 4245  5.639 37 |3:829

wine-quality | 0.069
dry-bean _ |15.220
Average 5.008

(a) Goodness results for multiclass experiments using ACC.

Population-based Modcl-based Combined
S} CE CT &l CE _ CT ] CE T
hev 0170 049 0.183 | 0434 0412' 0518" | 0.428' 0.428' 0.522
image_seg [12.887' 10.099 10.465 [14.753 11.370 [9.164 |14.499' 9835  9.121
phishing 2.633'  2.087" 2112 |2.814 2304 1725 | 27950 2279 | 1.528
page_block | 1896 2105 [168677|3.372 2687 2496 | 2905° 2394 2676
chess 1648 3.335 0571 | 1.893  3.085' 0697 | 18570 | 3.250' 0.845
mhr 2.491 2180 1700 | 2281 2162 (1296 | 2419 1911 | 1.274
commect-4 | 2977 2458 2140 | 2.928' 2418 2137 |2.984 2.208 | 1.936
poker_hand | 0.000 70007 0.215 | 0279 0230 0.634 | 0232 0227 0.610°
molecular | 3.620 2987  3.088 |3.750 3.226 3.156 | 3.710' [2847 " 2.956
waveform-vl |4.617 3672 (3341 | 4438 3456 3442 | 4398 3423 3207

isolet 10.638" 13.062 11.172" [10.9601 12.473% 11.055' | 11.444" 10.927" 9.799
cme 0146 0266 0401 | 13017 1214 0926' | 1.358  1.348" 0.861"
shuttle 2003 2219 2389 |4.387 3908 2360 |4.362° 3832 2084

satellite 11.742 8340 6448 |11.430' 8562 6520 |11.405' 7471 5853
hand_digits | 15.312° 13.652 13.696' [15.635 13.335 13.608' |15.635 11.934 12.252

yeast 0.136 0401 0.281 | 0.568° 0454 0418 |0.634  0.569" 0.471°
nursery 6.652 5316 4.795 | 6.448' 5302 4737 | 6.509' 4.802 4525
obesity 8.897"  7.651° 6.462 | 9.519° 8.496' 6.202 |9.556  7.408" | 5.835
abalone 0532 0709 (0479 | 1741 2179 0533 | 1550  2.092) 0560

7898 9.737° [6.591 | 8.865" 10.622° 7162 | 9.026' 10.927 6.988
14.667° 12.600 13.519° |14.990 128017 13.002' [14.990 [11.093  12.190
s| 2.618° 2.225 2.026 3.245% 2525  2.258 3.248 2.485 2.153
1.003" 1.335' [0.586 | 1.191 1.555 0.620 | 1.232  1.459" 0.645
dry 15381 11433 10507 |15.443 10450 10.720 [15.305' 9.536  9.055
Average 5.441 4.9077 [4.356 5.944 52227 4.301 0377 4.782 4.081

wine-quali

(b) Goodness results for multiclass experiments using PACC.

[ Population-based | Model-based | Combined
T CE  CT | o CE  CT | o CE CT
hev 0126970127077 04137 0553°  0.592° 0.623  0521F 0577 0.602

image_seg 5780 8620 6.977 12.047' 11.290' 6.720 12.176 11.175' 6.328

phishing | 1.2071 1246 1.312 20100 1.880" 1.500" 2094 1818 16511
page_block | 0.794 0.872 1.230 2428% 2.430 2305 2070' 1.924' 2059
chess 1450 2533 [0.608 | 2884 4716' 0915 2890 5059 1017
mhr 2.783 2286 1907 2412 2280 [1599 2368 2063 | 1575

connect-4 3.258 2618 2253 3173 2674 2.046  3.158 2478 12.030
poker _hand 0.209 0.000 0.081 0.496" 0.528" 0.636 0473 0527  0.615¢
molecular 3.955 3204  3.284 3.839 3.233 3310 3.843 3.248  3.149
waveform-vl  4.607  3.640  3.691 4.531  3.585 3464  4.500 3451 3.534

isolet 12,572 14.429' 10.281 13217 14.628" 9.220 13.378 15.647 8.036
cme 0336 0.506  0.446 2011" 1776 1175  2.039 1.828 1.069
shuttle 2.707"  3.388' 2.376 3.920" 4.226 2027 3922 4.042 [1.928

satellite 11.398 7.900 6.295 11.298" 7.606 6.186 10.745' 7.825 | 6.034
hand_digits  14.990' 12.887 11.921 14.990' 12.745 11.212 15.312 11.964 10.099

yeast 1.130' 0929 [0.771 1.3820 1128 0.859  1.475 1117 [0.761
nursery 6.370"  5.077  4.709 6.585' 5247 4581  6.630 5152  4.600
obesity 7177 7.373 5901 10.495 8.746' 5909 10.475° 7.937 | 5.718
abalone 0.484  0.658  0.342 1.800  2.586' 0.826 1.661 2.641  0.790

letter 2740  4.770° 3.128" 3.707 5.271 3.687° 3.707 4.804¢ | 2.805"

digits 14.990 11491 11.114 14.990 13.771' 9.554 14.990 12.9147 8142

academic-success 3318 2.626 23011 3.394 2817 (2407  3.435 2641 2300
wine-quality | 0.394 0376 0482  1.062' 1.140 0.702' 0963  L1I7' 0.710"
dry-bean 148220 10276 10484 15.075 10.881 9.579  14.730° 9.984 8756
Average 4.907 4499 3846 5.762  5.241' 3.798  5.731'  5.080° |3.517

(c) Goodness results for multiclass experiments using DM.

Table 8: Goodness results for multiclass ACC, PACC, and DM in terms of Log-
Ratio Goodness (LRG).
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