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Abstract. We introduce Mondrian Inductive Conformal Quantification
(MICQ), a set-based approach to learning to quantify that combines
Mondrian conformal prediction with probability class counting (PCC).
For each unlabeled instance X from test bag B, a Mondrian conformal
predictor first constructs a prediction set I'*(X) at miscoverage level
a, and then PCC distributes the instance’s weights to prevalences of
class labels in I"*(X) proportionally to their posteriors. The final class
prevalence estimates are obtained by averaging these weights across all
instances in test bag B. Due to the per-class validity provided by the
Mondrian conformal predictor MICQ remains reliable under prior shift.
Experiments on standard benchmarks with controlled prior shifts demon-
strate that MICQ indeed improves over PCC.

Keywords: Conformal prediction, learning to quantify, prior shift, Mon-
drian inductive conformal classification, probability class counting.

1 Introduction

The problem of learning to quantify (L2Q) is to estimate the distribution of class
labels in a given (test) bag B of unlabeled instances [I]. Standard quantification
methods, such as the probability class counting (PCC) approach, first use a
trained classifier to estimate the posterior probabilities of class labels for the
instances from B, and then compute their average across all instances. While
simple, PCC can be sensitive to prior shift when the class distribution changes
between training and testing while the class-conditional feature distributions
remain stable.

To address this limitation, we propose a quantification method based on con-
formal prediction, a framework for set-valued classification that offers rigorous
finite-sample guarantees [6]. Our approach, called Mondrian Inductive Confor-
mal Quantification (MICQ), employs the class-conditional guarantees of Mon-
drian conformal predictors to provide prevalence estimates that remain reliable
under prior shift.
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MICQ can be viewed as a conformal extension of PCC. For each instance
X € B and a probabilistic classifier used in PCC, the approach first constructs
a conformal prediction set I'*(X) of plausible labels at a given miscoverage
level a. The contribution (weights) of X to class prevalences is then distributed
among the class labels in I'*(X) in proportion to their posterior probabilities,
modulated by a temperature parameter 7 that controls the weight’s sharpness.
The final class prevalence estimates are obtained by averaging these weights
across all instances in the test bag B. By adjusting both the size of the prediction
sets I'*(X) and the concentration of weights, MICQ allows regularization which
has a potential to improve robustness and stability of quantification under prior
shift.

We evaluate MICQ against the standard PCC baseline on three datasets
under controlled prior shift using Dirichlet sampling. Our experiments show
that MICQ consistently achieves lower absolute error than PCC across a range
of conditions.

The rest of the paper is organized as follows. The problem of L2Q and (Mon-
drian) conformal classification are discussed in Section [2] Section [3| presents
MICQ in detail. The experiments are provided and discussed in Section [d] Sec-
tion [§ concludes the paper.

2 Background

This section provides the necessary background to introduce MICQ. It first con-
siders formally the problem of learning to quantify and then (Mondrian) confor-
mal classification.

2.1 Problem of Learning to Quantify

We formalize the problem of learning to quantify (L2Q) as follows. Let X be
the input space and ) a finite class-label set. At training time the phenomenon
under study is given by an unknown distribution P on X x ) with (X,Y) ~ P.
We observe M ii.d. realizations (Z,,,¥ym) of (X,Y) in X x Y that form the
training data D := {(zym,ym)} ;. At test time, we face another unknown
distribution P* on X x Y and we observe N i.i.d. realizations z,, of X in X that
form a test bag B := {z,,})_;. For each class label y € J we denote the class
priors by 7, := P(Y = y) and 7, := P*(Y = y) and combine them in vectors
™ = (my)yey and T = (7, ),cy, respectively. In this context, the problem of L.2Q
is to estimate the class priors in 7v*, given the training set D and the unlabeled
test bag B E Thus, a L2Q estimator is supposed to output vector 7 g for bag B
as close as possible to 7w g.
In this paper we consider the problem of L2Q for two cases:

— No distribution shift: P = P*, and

1 'We note that the individual test class labels are never observed and the goal is not
to classify, but to estimate label proportions.
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— Prior distribution shift: P(Y) # P*(Y) (i.e. m, # m, for any y € ) and
P(X|Y =y)=P*(X|Y =y) for any class label y € ).

2.2 Conformal Classification

Conformal prediction is a framework for producing set-valued predictions with
rigorous, statistical finite-sample guarantees [6]. Conformal predictors construct
valid prediction sets I'*(X) for any new test point X, meaning that the true
class label Y lies inside the prediction set with probability

P YelX))>1- 1
WPV Ert (X)) z1-a (1)

for any user-specified miscoverage rate a € (0, 1). This validity guarantee holds
when there is no distribution shift (P = P*) which implies that the training and
test instances are exchangeable [6]. We later show how to maintain validity in
the case of prior distribution shift.

The validity guarantee above is achieved by comparing the nonconformity
score of a test example to those of the instances from the training set D. A
nonconformity score function s : X x ) — R measures how unusual a labeled
instance x € X appears w.r.t to other instances in D. Function s has to be defined
label-symmetric s.t. for any fixed x € X and for any permutation 7 : Y — ),
the set of values {s(z,y) : y € Y} equals the set {s(z,7(y)) : y € V}; ie.,
permuting the class labels does not change the distribution of non-conformity
scores across the class-label space. One common choice for the function s is
s(z,y) = 1 —Dp(y | ), where p(- | =) is the posterior probability output by a
probabilistic classifier h.

The most computationally efficient setting for conformal prediction is the
inductive setting |2I3]. In this setting, the training set D is partitioned into two
disjoint subsets, a proper training set D; = {(XT,AL,Y,,L)}i\n/[;1 and a calibration
set D, = {(X'rn,Ym)}%ZMt_;’_l with sizes M; and M. = M — M;, respectively.
A probabilistic classifier h is first trained on the proper training set D; as a
predictive function that can provide posterior probability estimates p(y | X)
for any class label y € Y and input instance X; ie. h(X) = {p(y | X)}yey-
The classifier h is first applied to all the calibration instances (X,,,Y;,) € D.
to obtain set S of their nonconformity scores sy, = (X, Yn) = 1 — (Y, |
Xm). Then, whenever we have a new test instance X ~ P*(X) the probabilistic
classifier h provides a posterior class-label distribution {p(y | X)}yecy. These
class-label probability estimates allow computing their associated nonconformity
scores s(X,y) =1 —p(y | X) for X and every possible class label y € Y.

The p-values

_ #{Sm 6S:Sm ZS(va)}—’_l
- M.+1 ’

Py(X)

of test instance X for each class label y € ) determine if the class label y is
included in prediction set. If p,(X) is greater than a miscoverage rate «, y is
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included in prediction set I"*(X). Thus, the final prediction set for X at « equals
I''“(X)={yed:p,(X)>a}.

As stated above, when there is no distribution shift, P = P*, and exchange-
ability holds, so does the validity guarantee expressed in Equation . However,
when there exists prior distribution shift, P(Y) # P*(Y), and P(X | Y) =
P*(X | Y), validity is no longer guaranteed. To address this problem we de-
scribe below the Mondrian conformal predictor (MCP) in the inductive setting.

Mondrian Inductive Conformal Classification Mondrian inductive con-
formal predictor (MICP) is a class-conditional conformal predictor [6]. To han-
dle distribution prior shift, it divides the nonconformity scores of the calibra-
tion instances by class labels y [6]. For each class label y we receive set S, =
{s(Xm,Yn) : (Xm,Ym) € D, Y, =y} with size M,,. This allows us to compute
the Mondrian class-conditional p-value p,(X) of test instance X for candidate

class label y
_ #{Sm S Sy D8y 2 3(X7y)} +1

X 2

Py(X) i , )
and, subsequently, the class-conditional prediction set

r(X) ={y:py(X) > a}. (3)

We note that under the prior-shift assumption, test instance X | (Y = y) is
drawn from the same distribution as each calibration instance for class label y,
so the set S, U{s(X,y)} is exchangeable, i.e. every permutation of these M, + 1
scores has the same joint distribution. Exchangeability implies that the rank R,
of s(X,y) among the M, + 1 scores is uniformly distributed:

1

In this context, following Equation 2] the Mondrian class-conditional p-value

can be redefined as

R
py(X) =~
Y M, +1
Therefore,
la(My +1)]
Prp,(X)<a|Y =y = : <a
Y M, +1

Because the event Y ¢ I'*(X) is equivalent to p,(X) < a,
PriY ¢I'*(X)|Y =y)=Pr(py(X)<al|Y =y) <a. (4)

Hence,
PriY eI'X)|Y=y)>1-«

for every class y, showing that Mondrian inductive conformal predictors are valid
for every class y.
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3 Mondrian Inductive Conformal Quantification (MICQ)

Mondrian inductive conformal quantification (MICQ) is an approach to estimat-
ing class proportions in an unlabeled dataset. It offers robust estimations in cases
of no distribution shift and distribution prior shift.

3.1 MICQ Description

The pseudocode of MICQ for the training and calibration phase is given in
Algorithm [I} The input required for this phase consists of: a proper training set
(Dy) and a calibration set (D.). MICQ starts by training a probabilistic classifier
h on the training set D;. Then it iterates over the calibration instances in D,
to compute for each instance (X,,,Y;,) € D, its probability estimate p(Y;, |
Xm) = (X)) (Y.) and its nonconformity score s(X,,, Yin) =1 — (Y | Xin)-
Once the scores are known, MICQ forms the sets S, of nonconformity scores for
each class. At the end of the training and calibration phase MICQ outputs the
probabilistic classifier h and the set of the calibration nonconformity score sets

{Sy}yey-

Algorithm 1 MICQ — Training and Calibration Phase

Require: Proper training set Di = {(Xm,Ym)}ML,, calibration set D. =
{(Xum, Yin) Y=t 41

Ensure: Trained classifier h, label-conditional score sets {S,}

1: Train a probabilistic classifier h on D,

2: for each calibration instance (X, Y ) € D. do

3 PV [ Xom) = h(Xom)(Yim)

4 $(Xm, Yim) =1 —=pYom | Xm)

5: end for

6

7

8

9

: for each class y € ) do

Sy = {S(Xm’y) : (meym) S DC7Ym = y}
: end for
: return h and {S,}ycy

The pseudocode of MICQ for the test and quantification phase is given in
Algorithm [2] The input required for this phase consists of an unlabeled test bag
B which class proportions need to be estimated, a user-defined miscoverage rate
(a), a probabilistic classifier h, a set of the calibration nonconformity score sets
{8y }yey, a miscoverage rate «, and a temperature parameter 7. MICQ starts by
initializing the prevalence value 7% (y) equal to 0 for all class labels y € ). Then
it iterates over instances X in the test bag B. For each test instance X and each
possible class y € Y MICQ computes its probability estimate p(y | X) = h(X)(y)
using the probabilistic classifier h, and its nonconformity score s(X,y) = 1—p(y |
X). Then the p-value for the labeled instance (X,y) is computed following the
MICP procedure (see Equation ) Once the p-values p, are available for test
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instance X and all class labels y € Y, MICQ computes the prediction set I'*(X)
for X according to Equation . The resulting prediction set I'*(X) is composed
of all class labels with p-values greater than a. Once the prediction set I'*(X) is
available for test instance X, the weight w, (X) of X for y is computed according
to:

ply | X)™
wy(X) = Xserex) Pz | X)
0, otherwise.

y € I'(X),

where 7 is a temperature parameter that controls the weight’s sharpness (7 > 0).

MICQ then updates the prevalence value 75 (y) for each class label y by
adding the weight w, (X) of X to #%(y). Then this entire procedure is repeated
for all instances X in the test bag B. Upon completion, the final vector 7 that
is output by MICQ gives the estimated prevalence for each class y:

Fal) = 3 wy(X).

XeB

Algorithm 2 MICQ — Test and Quantification Phase

Require: Test bag B = {Xn}g:h set of the calibration nonconformity score sets
{8y }yey, miscoverage rate a, and temperature parameter 7
Ensure: Estimated prevalence vector 75
1: Initialize 75 (y) =0 for all y € Y
2: for each test instance X € B do
3: for each class y € Y do

4: Py | X) = h(X)(y)
5: 5(X,y) IJ{— ﬁ(g | Xg o
Sm ESyism =s(X, +
6: py(X) = y|syH__1 -
7 end for
8: IrX)={yelY:py(X)>a}
9: for each class y € I'*(X) do
ply | X)7
10: wy(X) = —
v(X) Y cere(x) Pz | X)7
11: 75 (y) « F5(y) + wy(X)
12: end for
13: end for

14: for each class y € ) do
15 7h) — & )
16: end for

17: return 75 = (75(Y))yey
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3.2 Robustness to Prior Shift

MICQ is robust to prior shift; i.e. when there are changes in class priors m, # 7
while the class-conditional distribution P(X | Y) = P*(X | Y) remain fixed.
This property is mainly due to class-conditional calibration of the Mondrian
conformal predictor employed in MICQ. This predictor splits the calibration
scores by class label (S, for each y) ensuring that the feature distribution within
each class is the same in training and test. Thus, any multiset Sy U {s(X,y)}

stays exchangeable for every class y and the class-conditional p-value p,(X) =

#{s€8y:s>s(X,y)}+1
[Syl+1

Y = y) > 1 — « even when class priors change.

satisfies the finite-sample coverage guarantee Pr(Y € I'*(X) |

3.3 Regularization in MICQ
MICQ has two parameters that jointly control its bias and variance:

— Miscoverage rate a (set size). Smaller « yields larger prediction sets
I'* which spreads each instance’s contribution over more class labels and
thus decreases variance and increases bias (toward more uniform class preva-
lences). Larger « yields smaller sets I'®, and, thus, sharpens contributions
and reduces bias at the cost of higher variance.

— Temperature parameter 7 (within-set concentration). For a fixed
set '™, when 7 approaches 0T, the weight w, for any class label y € I'®
becomes closer to 1/|I'“| which increases bias and decreases variance. When
T approaches +o0, the weight w, becomes closer to 1 for class label y with
maximal posterior probability (y = argmax,cpro) and 0 for the remaining
class labels. This reduces bias when posterior probabilities are informative
and can increase variance.

The two parameters interact: the influence of 7 is most pronounced when
sets |[I'*| > 1 (moderate «). In this case we need to choose («a,7) so that the
sets are informative sets (through «) and appropriately concentrated within-set
weights (through 7). In this context, we note that when sets I'* are singletons,
7 has no effect.

3.4 Remark on Fisher Consistency

Fisher consistency requires that, when applied to the true test distribution, the
expected estimate equals the true prevalence for all y. When a =0 and 7 = 1,
the MICQ reduces to PCC, which is Fisher consistent.

For any o > 0, however, Fisher consistency no longer holds. By construction,
the conformal set I'*(X) excludes the true label with probability at most «
(exactly v under continuous scores or randomized p-values), so the correct class
receives weight 0 in a nonzero fraction of cases. In the remaining cases, the correct
label is included but its contribution can be diminished due to the within-set
normalization.
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4 Experiments

This section evaluates and compares the performances of the MICQ quantifier
and the standard probability class counting (PCC) quantifier. It provides exper-
imental setup, experiment results, and discussion.

4.1 Experimental Setup

The L2Q quantifiers used in the experiments are the MICQ quantifier and PCC
quantifier. To ensure model comparability both quantifiers employ the same
base classifier the Gaussian Naive Bayes. The Mondrian inductive conformal
predictor in MICQ employs 67%/33% split, meaning that 67% of the data is
used as training data D, of the base classifier (Gaussian Naive Bayes) and 33%
of the data is used for the calibration set D..

4.2 Datasets

We conduct experiments on three standard benchmarking datasets from scikit-
learn [4]. The datasets are described in Table

Table 1. Datasets used in experiments

Dataset # Classes # Features # Instances
Iris 3 4 150
Breast Cancer 2 30 569
Digits 10 64 1797

4.3 Validation Protocol

We follow a 10-fold stratified cross-validation protocol. To simulate realistic
quantification tasks under prior shift, we generate bootstrap bags as follows:

— For each test fold, we generate T' = 20 test bags of the same size as the test
set.

— Bags are sampled with replacement from the test fold.

— Each bag’s class proportions are drawn from a Dirichlet distribution with
concentration parameter ap;, € {10,100,1000} to simulate various prior
shift conditions. We note that bigger (smaller) values for ap;, imply smaller
(bigger) prior shifts respectively.
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4.4 Quantification and Evaluation

For each test bag, we compute the true class prevalences w*, the PCC estimates,
and the MICQ estimates. Performance is evaluated using Mean Absolute Error
(MAE):

)

) N 1 . %
MAE(pp, 7*) = l > lasly) — =
yey

We study MAE as a function of miscoverage level « € [0.005,0.500] (step size
= 0.005) to observe how the conformal miscoverage rate « acts as a regularization
parameter in MICQ.

Table 2. Summary of experimental settings

Parameter Value / Description

Base Classifier Gaussian Naive Bayes
Cross-Validation 10-fold Stratified CV
Calibration Ratio 0.33

Bags per Fold T=20
Bag Size Equal to test fold size
Bag Sampling With replacement (bootstrap)

Dirichlet Parameters ap;; € {10,100,1000}
Miscoverage Levels « € [0.005, 0.500]
Temperature T=2

Evaluation Metric ~ Mean Absolute Error (MAE)

4.5 Results and Discussion

Figure [T] presents the results for the Iris, Breast Cancer, Digits datasets under
varying Dirichlet prior strengths. For the Iris and Digits datasets, MICQ con-
sistently outperforms the PCC baseline, with its MAE curve lying below the
horizontal PCC baseline for all miscoverage levels «. In contrast, on the Breast
Cancer dataset the picture is different: for small miscoverage levels (a < 0.12)
the MICQ’s MAE is below the PCC baseline with exception of very low « val-
ues. For a > 0.12 MICQ is worse than PCC. The Breast-Cancer curve also
exhibits a spike near v = 0.07 due to discrete p-values and small per-class cali-
bration counts. Thus, we may conclude that MICQ can outperform PCC across
a spectrum of prior shift scenarios, from no shift to substantial shift.

The results presented in Figure [I| show a clear bias-variance trade-off in
Mondrian-weighted MICQ. For very small miscoverage rate «, prediction sets
are large, leading to low variance but high bias and thus higher MAE. For mod-
erate «, prediction sets shrink, bias drops, and MAE reaches its minimum, often
outperforming the PCC baseline. For large a, MAE rises again due to high vari-
ance from prediction sets containing mostly single class labels. The trade-off
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pattern holds across varying degrees of prior shift (api, = 10, 100, 1000) and it
confirms that Mondrian-weighted MICQ balances bias and variance and adapts
well to prior shift.

5 Conclusion

We introduced Mondrian Inductive Conformal Quantification (MICQ), a sim-
ple and effective set-based extension of the probability class counting (PCC)
approach to learning to quantify. By leveraging prediction sets from Mondrian
conformal prediction, MICQ assigns soft fractional weights to classes, enabling
accurate prevalence estimation under prior shift. We showed empirically that
MICQ is capable of outperforming PCC. These results demonstrate that confor-
mal prediction offers a way to regularize quantification and ensure robustness to
distributional changes.

Future work may continue in two possible directions. The first one is to apply
conformal prediction to more advanced L2Q techniques. The second direction is
to apply conformal predictors specifically designed for covariate shifts [5].
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Fig. 1. Mean Absolute Error of MICQ vs. PCC across miscoverage levels for different

Dirichlet strengths. From top to bottom: api» = 1000, api» = 100, apir = 10.
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